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— The simplest model of approximating global, macroscopic force-balance in toroidal plasma confinement
with arbitrary geometry is magnetohydrodynamics (MHD).

— Non-axisymmetric magnetic fields generally do not have a nested family of smooth flux surfaces, unless
ideal surface currents are allowed at the rational surfaces.

— If the field is non-integrable (chaotic, fractal phase space), then any continuous pressure that satisfies
B-Vp=0 must have an infinitely discontinuous gradient, Vp.

— Instead, solutions with stepped-pressure profiles are guaranteed to exist. A partially-relaxed,
topologically-constrained, MHD energy principle is described.

— Equilibrium solutions are calculated numerically. Results demonstrating convergence tests, benchmarks,
and non-trivial solutions are presented.

— The constraints of ideal MHD may be applied at the rational surfaces, in which case surface currents
prevent the formation of islands. Or, these constraints may be relaxed in the vicinity of the rational
surfaces, in which case magnetic islands will open if resonant perturbations are applied.



An ideal equilibrium with non-integrable (chaotic) field and

continuous pressure, is infinitely discontinous
|dea| MHD theory — Vp — j X B, glves B . Vp — O — transport ofpres.su're along field is “infinitely” fast

— no scale length in ideal MHD
— pressure adapts to fractal structure of phase space

chaos theory = nowhere are flux surfaces continuously nested

*for non-symmetric systems, nested family of flux surfaces is destroyed
*Islands & irregular field lines appear where transform is rational (n/ m); rationals are dense in space
Poincare-Birkhoff theorem — periodic orbits, (e.g. stable and unstable) guaranteed to survive into chaos

*some irrational surfaces survive if there exists an r, k € R s.t. for all rationals, |t-n/ m|> r m™

i.e. rotational-transform, ¢, is poorly approximated by rationals, DllgplnEnife Contiier
Kolmogorov, Arnold and Moser
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Ideal MHD + chaos — infinitely discontinuous equilibrium {
o

*iterative method for calculating equilibria is ill-posed; 1.0
1)B,-Vp=0 Vp is everywhere discontinuous, or zero; o

«flatten pressure at every rational
«infinite fractal structure

2)j, =B, xVp/B.> i, everywhere discontinuous or zero;o.

3)B,-Vo=-V-j, B -V is densely and irregularly singular; .4
o is single valued if and only if 6o = —(j)c V-jdl/B=0 1\
0.2

«not Riemann integrable
pressure must be flat across every closed field line, or parallel current is not single-valued,;

pressure

/\\

4) V x Bn+1 = j = GBn '|'jL solution only if V - (oB+jl) =0 0.0 0.2 0.4 0.6 0.8 1.0
radial coordinate=transform

To have a well-posed equilibrium with chaotic B need to
—> introduce non-ideal terms, such as resistivity, 7, perpendicular diffusion, «, , [HINT, M 3D, NIMROD, .],
— Or return to an energy principle, but relax infinity of ‘ideal MHD constraints



Instead, a multi-region, relaxed energy principle for MHD
equilibria with non-trivial pressure and chaotic fields

Energy, helicity and mass integrals (defined in nested annular volumes) \ 5
W, = j £—+—jdv lej (A-B)d I p'"dv
v )
, A 0
energy helicity T miss

N
Seek constrained, minimum-energy state |F = Z|:1(WI — 1 H, /2—1/I M, )

1st variation due to unconstrained variations op, JA, and interface geometry, &,
except ideal "topological” constraint 6B = V x(£xB) imposed discretely at interfaces

SE Z._{L( np ljép dv+JVI 5A-(VxB—y,B)dY—IaVI [[p+B° /211 cds}

— continuity of total pressure
VXBZMB in each annulus across interfaces

vpY —7p/(7/—1) const.
in each annulus

Equilibrium solutions when V x B = 4B in annuli, [[p+B?*/2]]=0 across interfaces

— partial Taylor relaxation allowed in each annulus; allows for topological variations/islands/chaos;
— global relaxation prevented by ideal constraints; — non-trivial stepped — pressure solutions;
— VxB = 1B is a linear equation for B; depends on interface geometry; solved in parallel in each annulus;

— solving force balance = adjusting interface geometry to satisfy [[p+B*/2]]=0;
ideal interfaces that support pressure generally have irrational rotational-transform;
standard numerical problem finding zero of multi-dimensional function; call NAG routine;




Existence of Three-Dimensional Toroidal MHD
Equilibria with Nonconstant Pressure
OSCAR P. BRUNO PETER LAURENCE

California Institute of Technology  Universita di Roma "La Sapienza”

We establish an existence result for the three-dimensional MHD equations

(VXBYxB=Vp
V-B=0
B:-nlsgr=0

with_p # const in tori T without symmetry. More precisely, our theorems insure the existence of sharp
boundary solutions for tori whose departure from axisymmetry is sufficiently small; they allow for
solutions to be constructed with an arbitrary number of pressure jumps. ©) 1996 John Wiley & Sons, Inc.

Communications on Pure and Applied Mathematics, Vol. XLIX, 717-764 (1996)

— this was a strong motivation for pursuing the stepped-pressure equilibrium model

— how large the “sufficiently small” departure from axisymmetry can be needs to be
explored numerically



By definition, an equilibrium code must constrain topology;

Definition: Equilibrium Code (fixed boundary)

given (1) boundary (2) pressure (3) rotational-transform = inverse g-profile (or current profile)
— calculate B that is consistent with force-balance; pressure profile is not changed!
c.f. "coupled equilibrium - transport " approach, that evolves pressure while evolving field

Cannot apriori specify pressure without apriori constraining topology of the field

— the constraint B - Vp=0 means the structure of B and p are intimately connected,;

if p is given and B that satisfies force balance is to be constructed,
then flux surfaces must coincide with pressure gradients; (e.g. if p is smooth, B must have nested surfaces).

— specifying the profiles discretely is a practical means of retaining some control
over the profiles, whilst making minimal assumptions regarding the topology;
— pressure gradients are assumed to coincide with a set of strongly-irrational =" noble" flux surfaces

o Farey tree
noble irrational

= limit of alternating path down Farey-tree
= Fibonacci sequence
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Extrema of energy functional obtained numerically;
Introducing the Stepped Pressure Equilibrium Code (SPEC)

The vector-potential is discretized

* toroidal coordinates (s, ,¢), *interface geometry R, = Z R mnCOS(M3-ng), 2, = Z Z, . sin(md—ny)
* exploit gauge freedom A = A (s,3,5)VI+A (s, 9,0)VS
* Fourier A, = D s(s) cos(md - ng)

* Finite-element as(s) = Zi as.i(s)p(s) piecewise cubic or quintic basis polynomials

and inserted into constrained-energy functional F = ZL(W, —uH, 12—-v,M))

* derivatives w.r.t. vector-potential — linear equation for Beltrami field VxB = uB solved using sparse linear solver
* field in each annulus computed independently, distributed across multiple cpus
* field in each annulus depends on enclosed toroidal flux (boundary condition) and

— poloidal flux, Vo and helicity-multiplier, 1 adjusted so interface transform is strongly irrational

— geometry of interfaces, § = {Rm,n , Zm,n}

Force balance solved using multi-dimensional Newton method.

* interface geometry is adjusted to satisfy force F[§] = {[[p+ B / 210504 =0

* angle freedom constrained by spectral-condensation, adjust angle freedom to minimize Y. (m* +n”) (R, +Z2,)

* derivative matrix, VF[£], computed in parallel using finite-differences minimal spectral width [Hirshman, VMEC]
* call NAG routine: quadratic-convergence w.r.t. Newton iterations; robust convex-gradient method;



Numerical error in Beltrami field scales as expected
Scaling of numerical error with radial resolution depends on finite-element basis

A=A VI+A V{, B=VxA, J=VxB, need to quantify error =j - uB
AS,AQV ~O(hn) h = radial grid size=1/N

n = order of polynomial

(j-uB)evs ~O(h"") (j-uB)svI~O(h"*) (j-uB)v¢ ~O(h™?)

\EBS — 819A§ — aé, AS ~ O(hn) _Z:|0g1g|555| _z'log]%.‘%SBg error (logscale)

JoB' = oA ~OM) o R e

\/aBg :@SAg NO(hn_l) _g _R
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\F'S O(hn_z) —MZ-D 2|4 . . | 2;142; o
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Example of chaotic Beltrami field
In single given annulus;

_sub-radial grid, N=16

R=1.0+r(9 ¢)cos Y,

Z = r(4,£)sing,  mn)=@3,1)island
+ (m n)=(2,1) island
. = chaos =
inner surface
r=0.1

outer interface
r=02 +5[cos(29-¢) +cos(39 - ¢)]




Stepped-pressure equilibria accurately approximate

smoot

n-pressure axisymmetric equilibria

cylindrical Z

increasing pressure
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In axisymmetric geometry . . .

— magnetic fields have family of nested flux surfaces
— equilibria with smooth profiles exist,
— may perform benchmarks (e.g. with VMEC)

(arbitrarily approximate smooth-profile with stepped-profile)
— approximation improves as number of interfaces increases
— location of magnetic axis converges w.r.t radial resolution

magnetic axis vs. radial resolution

1.09585 [~ using quintic-radial finite-element basis
(for high pressure equilibrium)
1.09580 — (dotted line indicates VMEC result)
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Equilibria with (1) perturbed boundary & chaotic fields,
and (11) pressure are computed .

Poincaré plot (cylindrical) Poincaré plot (cylindrical) o _
B =0% B ~4% boundary deformation induces islands

R=10 +rcos$, Z=rsing
r =0.3+ 6 cos(23 — @) + 6 cos(3.3 — @)

5=10"

Demonstrated Convergence
of high-pressure equilibrium with islands,
with Fourier Resolution,

Convergence of (2,1) & (3,1) island widths ..
with Fourier resolution, g ~4% case

poloidal resolution 0 <m <M
toroidal resolution -N <n <N

0.06
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Sequence of equilibria with increasing pressure shows
plasma can have significant response to external perturbation.

axisymmetric plus small perturbation
R =1.00+0.30cos(9) + 0.05c0s(29) + [J,, €0S(2:3— )+ 5 COS(3F—¢&)]cos(:P)
Z =1.00+ 0.40sin(:9) + [6,, c0s(28 - &) + &,, cos(3F —&)]sin(:F)

(2,1) island

p= 0.000 IFl=1.e—12[" : | [ i (3,1) iSIand
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rotational transform
B
O
[

If 1deal constraint applied at rational surfaces,
then shielding currents prevent island formation.

axisymmetric boundary, plus perturbation (5=10"*)
R=1.0 +0.3cos$+0.05c0s 29, OR =06c0s(29 - ¢)cos g
e Z = 0.4sin 9 0Z =6 cos(29—¢)sin g

A with rational ideal interface
> ~non Imear IPEC

pressure
2

cylindrical Z

W|thout rational |deal mterface
—)q 1/2 |sland opens

pressure gradients coincide with
irrational interfaces

o

cylindrical R

w



summary

— A partially-relaxed, topologically-constrained energy principle has been described
and the equilibrium solutions constructed numerically

* using a high-order (piecewise quintic) radial discretization, and a spectrally condensed Fourier representation

* workload distrubuted across multiple cpus,
* extrema located using standard numerical methods (NAG): modified Newton’s method, with quadratic-convergence

* non-axisymmetric solutions with chaotic fields and non-trivial pressure guaranteed to exist (under certain conditions)

— Specifying the profiles discretely is a practical means of retaining some control over

the profiles, while making minimal assumptions regarding the topology of the field

* it is only assumed that some flux surfaces exist
* pressure gradients coincide with strongly irrational flux surfaces

— Convergence studies have been performed

* expected error scaling with radial resolution confirmed

* detailed benchmark with axisymmetric equilibria (with smooth profiles)
* demonstrated convergence of island widths with Fourier resolution

— By enforcing the ideal constraint at the rational surfaces, the formation of magnetic

islands is prohibited by the formation of surface “shielding” currents
* similar to non-linear generalization of IPEC
* relaxing ideal constraint at rational surfaces allows islands to open






Force balance condition at interfaces gives rise to auxilliary
pressure-jump Hamiltonian system.

— Beltrami condition, V x B = uB, and interface constraint, B-n =0, gives VxB-Vs =0,
suggests surface potential, B, =0,f, B, =0,f, sothato,B, —-o,B, =0,

B® =(09,,f, f, =20, f,f, +09.,f,1,)/(0,59, —045,95.), metricelements g, = 9,X- 04X
—> Force balance condition, [[p+B?/2]] =0, introduce H = 2(p, - p,) = B — B; = const.
— Let tangential field on "inner-side™ of interface be given, B, =0,f, B, =0,f,
tangential field on "outer-side”, B,, = p,, B,. = p,, determined by characteristics

2¢ T
9_8H(9,§, Pgs P;) 5 = oH /= oH - oH
- ) 9 ) - é’_ -
op, o PY: on, 8¢

— 2 d.o.f. Hamiltonian system, and invariant surfaces only exist if "frequency" is irrational

= Ideal interfaces that support pressure must have irrational transform

Hamilton-Jacobi theory for continuation of magnetic field across a toroidal surface supporting a plasma
pressure discontinuity
M. McGann, S.R.Hudson, R.L. Dewar and G. von Nessi, Physics Letters A, 374(33):3308, 2010



Sequence of equilibria with increasing pressure shows
plasma can have significant response to external perturbation.

axisymmetric plus small perturbation
R =1.00+0.30cos(9) + 0.05c0s(29) + [J,, €0S(2:3— )+ 5 COS(3F—¢&)]cos(:P)
Z =1.00+ 0.40sin(:9) + [6,, c0s(28 - &) + &,, cos(3F —&)]sin(:F)

By =~ 0.00

=1 0 24

pe= 0.000 [Fl=Ze—11 -
M= 8 N= 3  RESOLUTION PRESSURE TRANSFORM | | |

S

o

o
S
S
OIS

=

-=-
Jeie!
e
e

SIS
S35

:’0:.

o

R o

<5
5

Ju
=
<2
S5

resonant error field

<SS
0’:’
&




Sequence of equilibria with Increasing pressure shows

plasma can have significant response to external perturbatlon

T M= 7 N= 2 H S:OLLH\JI\

axisymmetric plus perturbation 5, =0, =10""
R =1.00+[0.30+&,, C0S(23— &) + 5,, cos(33 — &) cos(F) /i
Z =1.00+[0.30 + &,, cos(2.9 — &) + &,, cos(3:3 —&)]sin(:H)

0.3

0.2

0.1

~No 0.0

—0.1

-0.2

-0.3

PRESSURE HAP\SF ORM

L osr _'\

Resonant radial field at rational surface;
n=1,2,3 stability from PEST;




Sequence of equilibria with slowly increasing pressure

axisymmetric: R =1.00+0.30cos(:9)+0.05c0s(29)
plus Z =1.00+0.40sin(9)
perturbation :J0R =[J,,C0S(28 )+ &,, 0S(38 —¢)]cos(F)
0Z =[0,,c0s(29— )+ 0,, cos(33—¢)]sin(:F)
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Toroidal magnetic confinement depends on flux surfaces

Transport in magnetized plasma dominately parallel to B
— if the field lines are not confined (e.g. by flux surfaces), then the plasma is poorly confined

Axisymmetric magnetic fields possess a continuously nested family of flux surfaces
— nested family of flux surfaces is guaranteed if the system has an ignorable coordinate

magnetic field is called integrable

— rational field-line = periodic trajectory famity of periodic orbits = rational flux surface

rational field-line $=0.3333... &

— irrational field-lines cover irrational flux surface [%
magnetic field lines wrap around toroidal “flux” surfaces %’;
[
(4]
S
S}
S
L
e}
S
< 2
S
@
straight-field-line flux coordinates, g
BeViy =0 g
o
B=VyxV3+i(y)V{xVy 3
Qo
JuBV=0,+:0, 8 f
magnetic differential equation, BeVo =, \ 8 = ——

is singular at rational surfaces, (m l— n)am,n = i(\fgs)m,n ©  periodic toroidal angle £



|ldeal MHD equilibria are extrema of energy functional

The energy functional is

W = .[V (p + 82 /2) dV V = global plasma volume

Ideal variations

mass conservation } Oip+Ve(pv)=0
state equation } di(pp ) =0
Faraday's law, ideal Ohm's law } oB=Vx (5& X B) —ideal variations don’t allow field topology to change “frozen-flux”

the first variation in plasma energy is

oW = (Vp-jxB) &g dv

— two surface functions, e.g. the pressure, p(s), and rotational-transform = inverse-safety-factor, (s),
and — a boundary surface (.. for fixed boundary equilibria . .. ),

constitute “boundary-conditions”  that MUSt be provided to uniquely define an equilibrium solution
...... The computational task is to compute the magnetic field that is consistent with the given boundary conditions . . .

nested flux surface topology maintained by singular currents at rational surfaces

from V<(oB +j,) = 0, parallel current must satisfy BeVo =-V+j , wherej =BxVp/ B®

_iWg Vi),

+8(Mmz—n)
(mz—n)

— magnetic differential equations are singular at rational surfaces (periodic orbits) m,n
— pressure-driven “Pfirsch-Schllter currents” have 1/ x type singularity
— ¢ - function singular currents shield out islands



Topological constraints :
pressure gradients coincide with flux surfaces

The ideal interfaces are chosen to coincide with pressure gradients

— parallel transport dominates perpendicular transport, —» structure of B and structure of the
. . . . pressure are intimately connected;
— simplest approximation is BsVp =0

— cannot apriori specify pressure without
— pressure gradients muUst coincide with KAM surfaces = ideal interfaces  apriori constraining structure of the field;

[next order of approximation, B«Vp is small, e.g. 0,p = ” I p + K p 0, with K, > K ,€0. K /K‘ ~ 10

*pressure gradients coincide with KAM surfaces, cantori . )
— where there are significant pressure gradients,

14 ; S L
*pressure flattened across islands, chaos with width > Aw ., ~ (K‘ / K) there can be no islands or chaotic regions with width > Awc

* anisotropic diffusion equation solved analytically, p' oc 1/ (K”goz -H('J_G) @, is quadratic-flux across cantori, G is metric term]

A fixed boundary equilibrium is defined by::
(i) given pressure, p(w), and rotational-transform profile, (y)
(i1) geometry of boundary;

(a) only stepped pressure profiles are consistent (numerically tractable) with chaos and B«Vp =0
(b) the computed equilibrium magnetic field must be consistent with the input profiles

(a) + (b) = where the pressure has gradients, the magnetic field must have flux surfaces.

— non-trivial stepped pressure equilibrium solutions are guaranteed to exist



Taylor relaxation: a weakly resistive plasma will relax,

subject to single constraint of conserved helicity
Taylor relaxation, [Taylor, 1974]

W:j (p+B?/2)dv, H:j (A-B)dv
. V i A V S
plasmavenergy heIicity,VB =VxA
Constrained energy functional F =W —uH /2, u = Lagrange multiplier
Euler-Lagrange equation, for unconstrained variations in magnetic field, VxB = uB

linear force-free field = Beltrami field

But, . . .Taylor relaxed fields have no pressure gradients

Ideal MHD equilibria and Taylor-relaxed equilibria are at opposite extremes. . . .

|deal-MHD — imposition of |nf|n|ty of ideal MHD constraints
non-trivial pressure profiles, but structure of field is over-constrained

Taylor relaxation — imposition of smgle constraint of conserved global helicity
structure of field is not-constrained, but pressure profile is trivial, i.e. under-constrained

We need something in between . . .
.. . perhaps an equilibrium model with finitely many ideal constraints, and partial Taylor relaxation?



Introducing the multi-volume, partially-relaxed model of
MHD equilibria with topological constraints

Energy, helicity and mass integrals

2
W,=J‘[ P +Bjdv, H,=j (A-B)dv j 07 dv
N VI 7_1 2 b \VI

plasmav energy heﬁaty mass

Multi-volume, partially-relaxed energy principle m
* A set of N nested toroidal surfaces enclose N annulur volumes
— the interfaces are assumed to be ideal, 6B = V x (5&x B)

* The multi-volume energy functional is

N
— field remains tangential to interfaces,
Euler-Lagrange equation for unconstrained variations in A — afinite number of ideal constraints,

imposed topologically!

In each annulus, the magnetic field satisfies VxB, = 4B,
Euler-Lagrange equation for variations in interface geometry

Across each interface, pressure jumps allowed, but total pressure is continuous [[p+ B2/2]]=0

— an analysis of the force-balance condition is that the interfaces must have strongly irrational transform
ideal interfaces coincide with KAM surfaces



